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Hypothesis Testing: Difference Between Two Populations:
Independent samples (z and t tests)
e Assumptions

» Two populations are normally distributed, if not normal, requires large samples.
» Standard deviations of populations:
v known, z-stat can be calculated, and z-test is performed.
v Unknown standard deviations
1. Pooled t-test: assuming equal standard deviations
2. Unpooled t-test: unequal standard deviations

» The samples are independent: the scores of one sample do not affect those of the other as the
following scenarios:

v Random samples from different populations: Testing the difference of the means between two
fixed populations we test the differences between samples from each population. When both
samples are randomly selected, the samples are independent because they came from two
different populations randomly.

Random assignment to different treatments or groups: When working with subjects, if we select a
random sample and then randomly assign half of the subjects to one group and half to another,
we can make inferences about the populations by z or t test.

If we have a drug that is tested for its effect on FBG and we take 2 samples (one took the placebo
and the other took the drug), every sample has subjects that are different from the subjects in the
other sample, so they are independent.

Note: The following illustrate dependent samples for which z or t-test cannot be used: If we need
to compare STAT scores for your section between first and second exam ( same students and
thus dependent samples). Similarly, If the same sample was subjected to two different treatments
(first the sample was given drug A and after washout period the same sample was given drug B).
When the samples are dependent paired t-test rather than t-test is performed.

e Z-test of Independent Samples (known o) steps:
» State the null and alternative hypotheses.
v Two tailed: Ho: pu —p2 =0 0r 1 = 2, Ha: p1 — 2 # 0 OF s # 12
v" Right tailed: Ho: 1 — 12 <V, Hal pu — 2 >V
v' Left tailed: Ho: pi1 —p2 >V, Ha ps — g2 < V
(V can be zero or any other value)
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» Calculate the standard error: SE = % +

» Choose a and set the criterion (critical values) for rejecting the null Hypothesis as follows:

Z-Critical

a Two tailed | Right tailed | Left tailed
0.1 +1.65 1.28 -1.28
0.05 +1.96 1.65 -1.65
0.01 +2.58 2.33 -2.33

> Compute the test statistic: (The subscript 0 indicates that the difference is a hypothesized parameter).
_ (Xl_ X2) - ('ul_ /JZ)O
SE
» Compare z with the critical value (s) and make a decision: reject or fail to reject the null hypothesis

z
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https://www.ck12.org/c/statistics/null-and-alternative-hypotheses

% Example 1:

Researchers wish to know if the data they collected provide sufficient evidence to indicate a
difference (two sided) in the mean uric acid levels between normal individuals and individuals with
Down’s syndrome. The data consist of uric acid readings on 12 individuals with Down’s syndrome
and 15 normal individuals. The means are:  x; = 4.5mg/100 mL and x, = 3.4 mg/100 mL

v The data constitute two independent simple random samples each drawn from normally
distributed population with variance equal to 1 for the Down’s syndrome population and 1.5 for
the normal population.

Ho: st — 2 =0, HA p1 — 2 # 0
An alternative way of stating the hypothesis is as follows: Ho: u1 = u2, HA: u1 # 2
Let a = 0.05, the critical values of z are 1.96 and -1.96. Reject Ho unless -1.96 > z>1.96

Y1 — X 194
X1—X — —
SE 0.4282 0.4282

z

Statistical decision to reject Ho since 2.57 > 1.96 Conclude that on the basis of the data, there is
an indication that the two-population means are not equal.

p value: 0.0102 (total area to the right of 2.57 and the left of -2.57), p < a so we reject Ho
Confidence Interval: T T EEEE T

(x1-x2+z

(-a/2) *5F =
1.1+1.96+0.4282
From0.26t01.94

Since the confidence interval does not capture the hypothetical mean difference (0), It is
suggested that the two populations (normal and downs syndrome) means (uric acid) are
significantly different at o = 0.05

Example 2:

Suppose in the previous example the question of interest was is mean uric acid is higher in the
population of downs syndrome than in that of normal subjects:

v The z-test becomes right sided with single critical value of 1.65.
Ho: p1 — 2 <0, Hal g1 — 2 >0
Or Ho: p1 <p2, Ha: i1 > g2
Because the hypothesized difference is still zero Z-stat is not changed and still calculated as 2.57,
well higher than the critical value and thus Ho is rejected.

Confidence Interval: x1—x2 + 7 % SE =
(1-a)

1.1+1.65%0.4282
From0.39t01.81

LCL is higher than the hypothesized difference of 0, Thus consistent with above conclusion that
HO is rejected.
P-value = 0.0051 which is < a
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% Example 3:
Suppose in the previous example the question of interest was is mean uric acid is 1 mg% higher in
the population of downs syndrome than in that of normal subjects:

v" The z-test is right sided with a single critical value of 1.65.

Ho:pr —p2 < 1, Hal i — 2 > 1

Because the hypothesized difference is 1.

,_(45-34)-1_ 01
0.4282 0.4282

=0.234

z-stat is lower than the critical value, Ho is not rejected.
P-value = 0.591 which is > o = 0.05 so Ho is not rejected.

Confidence Interval is the same as in the previous slide: 0.39 to 1.81.
LCL is lower than the hypothesized difference of 1, thus consistent with the above conclusion
that Ho is not rejected.
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